REPRESENTATIONS OF REDUCTIVE GROUPS OVER 
QUOTIENTS OF LOCAL RINGS 



ALEXANDER STASINSKI 

Abstract. In some recent work, Lusztig outlined a generalisation of the con- 
struction of Deligne and Lusztig to reductive groups over finite rings coming 
from the ring of integers in a local field, modulo some power of the maximal 
ideal. Lusztig conjectures that all irreducible representations of these groups 
are contained in the cohomology of a certain family of varieties. We show that, 
contrary to what was expected, there exist representations that cannot be re- 
alised by the varieties given by Lusztig. Moreover, we show how the remaining 
representations in the case under consideration can be realised in the coho- 
mology of a different kind of variety. This may suggest a way to reformulate 
Lusztig's conjecture. 



1. Introduction 

Let G be a connected reductive group, defined over a finite field ¥q of characteris- 
tic p. The celebrated work of Deligne and Lusztig (0) uses methods of ^-adic etale 
cohomology to show that many complex irreducible representations of the finite 
group G{¥q) are parametrised by characters of maximal tori in G(Fq), and more- 
over, that every irreducible representation appears in the cohomology of a certain 
kind of variety. 

Now let K he a local field (of any characteristic) with finite residue field F^, and 
ring of integers Ok- Fix an algebraic closure of K, and let O be the ring of integers 
of the maximal unramified extension K™ of K with residue field F, an algebraic 
closure of F^ . Denote by e a fixed prime element in Ok ■ It is also a prime element 
in O. 

Assume that X is an affine variety over F, and let r > 1 be an integer. We set 

Xr = X{0/{e')). 

Thus, if X is the common zeroes of the polynomials fi{xi, . . . , x„), i — 1, . . . ,m, 
then Xr is the set of all (ai, . . . , a„) S (0/(e'"))"' such that /i(ai, . . . , a„) = for 
i = 1, . . . ,m. This makes sense, since O/ {e'^) is an F-algebra. Then X i-^ Xr is a 
functor from the category of affine varieties over F into itself. 

For any r > r' > the reduction map 0/{e''') — > 0/{e'^ ) induces a morphism 
Pry '■ Xr — > Xr'. We will denote the map by pr. Consider the reductive 
algebraic group G over F. Then Gr is naturally an algebraic group over F, and 
Pry ■ Gr — > Gr' IS & surjective homomorphism of algebraic groups with kernel GJ! . 
Thus we have an exact sequence 

1 ^ Gr ^ Gr ' — ^ Gr' ^ !• 

The injection 0/{e^ ) 0/{e^) induces a function V',r : Gr' Gr such that 
Pr^r' ° 'ir',r is the identity map on Gr'. In the case where r' — 1 and if is a local 
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field of positive characteristic there is an inclusion of F-algebras 0/{£) — > 0/{e'^'), 
and ii^r is an injective homomorphism, so that the above exact sequence splits. 
When K is of characteristic zero, the exact sequence is just a group extension. We 
will denote ii^r by 

Let F : G ^ G he the Frobenius morphism corresponding to the Fg-rational 
structure of G. The map F induces a homomorphism F : Gr ^ Gr which is the 
Frobenius map for an F^-rational structure on Gr- Let T be a maximal torus in G 
contained in an i^-stable Borel subgroup B, with unipotent radical U. Fix r > 1 
as above, and let x € Gr- Consider the affine variety 

X,^{geGr\ g-'Fig) e xUr}. 

The group G^ of fixed points under the Frobenius map can be identified with 
the Fg-points of Gr, and is thus a finite group. The group G^ acts on by 
left multiplication, and thus by functoriality, the l-adic cohomology with compact 
support Hl{Xx,Qi) for I ^ p, has the structure of a complex representation of . 
Note that Q; ~ C (non-canonically). 

The above construction is an extension of the construction of DeHgne and Lusztig 
(which is the case r — 1), and was first mentioned by Lusztig in [S], and then recently 
developed further in This construction is the first natural step to an extension 
of the Deligne-Lusztig construction to reductive groups over local fields, a problem 
which has important arithmetic implications. 

In the paper j^, Lusztig proves an orthogonality formula for certain virtual 
representations of the group Gf , in the case where K is a local field of positive 
characteristic. This result is an extension of an important result of DeHgne and 
Lusztig in the case r — 1, and was anticipated in j^. 

It was shown in [2 that for the case r — 1 every irreducible representation of 
G^ appears in the cohomology of some variety X^^ , where w is an element of the 
Weyl group of G (the varieties are independent of the lift of w to an element of G) . 
As pointed out in jg], this is no longer the case for r > 2. In the end of jH], Lusztig 
states the following 

Conjecture. Any irreducible representation of Gf appears in the virtual represen- 
tation J2i>oi^^y ^ci-^'->: ' '^i) /°'' some X e Gr- 

In the following we will show that the conjecture does not hold for G — SL2, with 
K a local field of positive characteristic with q odd, and r = 2, i.e., for the group 
Gf — SL2(F,[[£]]/(e^)). In the end of this paper we will show that the missing 
irreducible representations of this group are reaHsed in the cohomology of a certain 
variety, not of the form X^^ for any a; e G2 . These representations are parametrised 
by certain characters of two different subgroups of G^ ■ 

So far nothing seems to be known about Lusztig's conjecture in the case where 
iC is a local field of mixed characteristic. This is the focus of work in progress (0)- 

2. The Representations of SL2(Fq[[e]]/(e2)) 

Recall the notation of the previous section. We specialise the discussion to the 
case G = SL2, K of positive characteristic with q odd, and r = 2. The irreducible 
representations of Gf can be classified using the fact that Gf is a semidirect product 
of G^ , and a group N isomorphic to (F+)^ (three copies of the additive group of 
the finite field) . The following table of representations of Gf was given in . The 
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first column indicates the dimension, and the second column indicates the number 
of representations of that dimension. 



dim 
1 

q 

9 + 1 
(g + l)/2 

9-1 
(9-l)/2 
+ q 

q^ -q 
{q^-l)/2 



# 
1 
1 

(q - 3)/2 
2 

(g-iVz 

2 

{q-lf/2 

iq' i)/2 

2q 



A calculation using the fact that the sum of the squares of the dimensions of the 
irreducible representations of a finite group equals the order of the group, shows 
that this table is incorrect. We will show in the next section that the correct value 
for the last entry in the second column is iq. We therefore have to consider 2q 
representations in addition to those considered by Lusztig. 

Consider as a semidirect product of and N, where N is the normal 
abelian subgroup of Gf" consisting of matrices of the form 

The method of describing the representations of a semidirect product by an abelian 
group is given in [Jj. We give here a summary of this method for the case under 
consideration. 

Let X = Hom(iV, C^). The group Gf acts on X by 

{sx)in) = xis^^ns) for s e G^,x e X,n e N. 

Let (Xi)iGX/G^ be a system of representatives for the orbits of in X. For each 
i e X/G^, let {G^)t = StabGF(xi) and let (Gf )i = (G^)i -iV be the corresponding 
subgroup of Gf . The character Xi can be extended to (Gf )i by setting 

Xiign) = Xiin) for g G {G^)i,n G N. 

Now let p be an irreducible representation of {G^)i. By composing p with the 
canonical projection (Gf^)i {G^)i we obtain an irreducible representation p of 
(G|^)i. Finally, by taking the tensor product of p and Xi we obtain an irreducible 
representation p®Xi of (G|')i. Let Oi^p be the corresponding induced representation 
of Gf . Then we have the following result (cf. [J], Proposition 25, 8.2.) 

Proposition 2.1. 

(a) 6*2 p is irreducible. 

(b) // 9i^p and Oe^p' are isomorphic, then i — i' and p p' . 

(c) Every irreducible representation of G2 is isomorphic to one of the 9i,p. 

We now show how to classify all the irreducible representations of Gf of degree 
(q^ — l)/2 using the above method. Let V' ■ — > be a nontrivial additive 
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character, and consider the character 
Computing the stabiUser of Xil> in , we get 



X y\ f \ + ae be \ fx y 
z w ) \ ce 1 — ae) \z w 



{( 



1 + ae he 
ce 1 — ae 



,Va,6,cGF+} 
e I ip{x^c- zH + 2xza) = ip{c),^a,h,c&¥+^ 



x y 

z w 



Since StabGF(xV') ^'^ abeUan group of order 2q, we obtain 2q irreducible repre- 
sentations of Gf of dimension {q^ — l)/2 by inducing certain 1-dimensional repre- 
sentations of Stab(3F(xi/)) • N, according to the method described above. Now the 
problem is to determine the orbits of all characters of the form Xip under the action 
of G^. 

Let C = e^^^^P and let Tr : ^ Fp be the absolute trace. It is well known that 
every character F+ — > is of the form 

V'a(a;) = C^(»^\ 

for some a G F,, and that 4'b for a ^ b. 

We now consider the action of on the characters tpa , where a G F^ . For 
k,7n € we see that if xv-fe li^s in the same orbit as xv-m i then there exists an 
element g = {z w) & G^such that 

(3X^j(^tr l-ae)=^'^-{^V 1-ae) ^^b,c G 

This in turn implies that 

ipk{x'^c — z^b + 2xza) = tpm{c) for all a, 6, c G F,, 

and so 

V'fc(a;^c) = i^mic) for all c G F,. 
Thus wc must have kx"^ = m. Conversely, if kx"^ = m holds, then clearly Xi^k 
Xip^ lie in the same G^-orbit. 

We can now identify two orbits. We will denote the subgroup of squares in F^ 
by Fg^. First, assume that k G F^^. Then kx^ is a square, and any square in 
F^ can be expressed in this way for some .x G F^, since F^^ is a group. Thus 
{Xipk I ^ € ^} is an orbit. On the other hand, if k is not a square, then neither 
is kx^, and all nonsquares in F^ can be expressed in this way for some a; G F^ , 
since kx"^ = kx'"^ a;^ = x'^, and so we get all |Fg^| distinct nonsquares. These 
elementary considerations can be summed up as 

G^\{x,p,,\ke¥^}c^¥^/¥f^{±l}. 

The above discussion shows that there are 4g irreducible representations of di- 
mension (g^ — l)/2. Half of them correspond to the orbit {Xi'k I ^ ^ which 
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is the one containing x^i > and the other half correspond to the orbit corresponding 
to nonsquares in . 

3. Some Lemmas 

In this section we fix some notation and collect some results from Deligne-Lusztig 
theory. Most results from the finite field situation (r = 1) hold for all r. All results 
in this section except for the last one, were proved for r = 1 by Deligne and Lusztig 
(cf. [2], and H). 

Let L : Gr ^ Gr, L{g) = g~^F{g) denote the Lang map. We have 
L'^{xUr) = {g e Gr I g^^F{g) e xUr} =^ X^. 
From now on we will denote Hl{X,Qi) simply by Hl{X). 

Definition. Let G be a finite group that acts on the varieties X and Y. We write 
X ^ Y li any irreducible representation of G appears in '}2i>^^{~^y Hl{X) if and 
only if it appears in ^lyt^i—^Y HliY) . 

Note that the relation just defined is an equivalence relation. 

Lemma 3.1. Suppose that f : X ^ Y is a morphism of varieties such that for 
some m > 0, the fibre f^^iy) is isomorphic to affine m-space, for all y E Y . Let 
g,g' he automorphisms of finite order of X,Y such that fg = g' f . Then X ^Y. 

Proof. See Lemma 1.9. I 

As pointed out in fgl, for arbitrary r it is enough for representation theoretic 
purposes to consider varieties Xx where x runs through a set of double coset rep- 
resentatives Ur\Gr/Ur- This follows from Lemma l3?Tl and the following result. 

Lemma 3.2. The inclusion L^^{xUr) ^ L^^{UrxUr) induces an isomorphism 

L-^{xUr)/Ur n xUrX^^ ^ (UrXUr) / Ur, 

commuting with the action of G^ on both varieties. 

Proof. Denote by / the composition of the maps L~^(xUr) ^ L~^{UrxUr) 
L~^{UrxUr)/Ur, where the latter is the natural projection. Clearly / is surjective, 
because if gllr S L~-^{UrxUr)/Ur, with L{g) G uxu' for u,u' G Ur, then L{gu) — 
u~^uxu' F{u) £ xUr, so gu € L~^{xUr), and f{gu) — gllr- 

On the other hand, the fibre of / at gllr is equal to {gv G L^^{xUr) \ v G 
Ur} = {gv I v~^L{g)F{v) e xUr, V e Ur} = {gv I v~^ux e xUr,v e Ur} = {gv I 
v^^u G ?7r n xUrX~^} = {gv \ V — u mod Ur n xUrX~^}. Factoring L~^{xUr) by 
Ur n xUrX~^ therefore gives an isomorphism, which commutes with the action of 
Gr , by the naturality of /. I 

Lemma 3.3. Let x £ Gr be an arbitrary element, and let A be an element such 
that L{X) = X. Then there is an isomorphism 

L^\xUr) L-'^iFiXprFiX)-^), g i — > gX'^, 

commuting with the action of Gr ■ 

Proof Let g £ L-^{xUr). Then L{gX-^) = XL{g)F{X)-^ G XxUrF{X)-^ = 
F{X)x~^xUrF{X)^^ — F{X)UrF{X)~^ . It is clear that this map is a morphism 
of varieties, and it has an obvious inverse. I 
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In the case r = 1, the Bruhat decomposition says that B\G/B is in bijection 
with the Weyl group, and that a set of double coset representatives can be taken in 
Nc(T), the normaUser of T. Suppose that utwt'u' is an arbitrary element in BwB, 
for w £ NciT). Then 

L-^{Uutwt'u'U) = L^'^iUtwt'U) - L-\twt'U) = L-\t"wU), 

for some t" e T. Since t i-^ 'wF{t)w^^ is a Frobenius map on T, Lang's theorem 
says that there exists A £ T such that X^^wF{X)w^^ = t" . The map 

L-\t"wU) — > L-\wU), g< — >gX-^ 

is then an isomorphism of varieties, preserving the action of . Indeed, if g is an 
element in L~\t"wU), then L{gX-^) € Xt"wU = wF(X)w-H"-H"wUF{X)-^ = 
wF{X)UF{X) = wU. 

Because of this, in the case r = 1 it is enough to consider varieties attached 
to elements of the Weyl group, among all varieties Xx, x € G. This is no longer 
enough for r > 1. 

Deflnition 3.4. Let G be a finite group that acts on the left on the variety X, 
and let ^ be a finite abelian group that acts on the right on X. For any character 
: ^ — > Q; and g € G, we define a virtual character of G by 

^ig,X)e^J2i-^y^<9,KiX)e). 

i>0 

Here we use the notation Vg ^ {v ^ V \ va — 6{a)v, for all a £ A\, for V a 
finite dimensional right QJAJ-module. Since for any such V we have V — 0g Vg, 
we have a virtual character 

^{g,X) = @^{g,X)e - 5](-irTr(5,i7^(X)), 
e i>o 

classically called the Lefschetz number. We will make use of the following results. 

Lemma 3.5. Let G, A, and X be as in the above definition. Then for any g & G 
we have 

where {g, a) acts on X by x ^ gxa. 

Proof. See [1], Proposition 7.2.3. I 

Lemma 3.6. Let G and X be as above, and assume that X is a finite set. Then 
Hl{X) ~ if i ^ 0, and H^{X) ~ Q;[X] is a permutation representation of G. 
Furthermore the character of this representation is given by ^{g. X) = \X3\. 

Proof. See e.g. Proposition 10.8. I 

Lemma 3.7. Let G be a finite group acting on the variety X , and let X = Ujgj Xi 
be a finite partition of X into disjoint, closed subsets. Assume that G permutes the 
subsets Xi among them in such a way that the action of G on I is transitive. Let 
H = StabG(Xi|-,) = {g £ G \ gXi^ — Xi,,} for a fixed io £ L Then the generalised 
character g i-^ ^{g, X) of G is induced by the generalised character h i-^ Jif^h, Xi^) 
ofH. 

Proof. See Lemma 1.7. I 
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We end with a new result which has no nontrivial analogue for r = 1. 

Lemma 3.8. Let r > I, x £ Gr, and consider the variety L^^{xUr). Then the 
projection map pr '■ Gr ^ G induces an isomorphism 

iGlf\L-\xUr) ^ L-\pr{x)U), 

commuting with the action of G2 ■ 

Proof. Let / be the map L^^{xUr) L~^{pr{x)U), given by 5 1-^ Prig)- This 
map is surjective because if g £ L~^{pr{x)U), then ir{g) G ir{L~^{pr{x)U)) C 
L^^{xUr), and f{ir{g)) — g- The fibre of / at g is equal to 

{a ■ ir{g) e L^\xUr) \ Pr{a) = 1} = {a ■ ir{g) \ a e {GI)^}, 

and this shows that factoring L~^{xUr) by [G].)^ gives an isomorphism which 
commutes with the action of G^ , by the naturality of /. I 

4. Lusztig's Conjecture for SL2(Fg[[e]]/(£2)) 

In the rest of this paper we will focus on the case G — SL2, K of positive 
characteristic with q odd, and r = 2. In the following we will show that only 4 of 
the representations of dimension (q^ — l)/2 of can be realised by varieties of 
the form for x £ G2. 

By Lemma all representations that can be reaHsed by varieties Xx, x £ G2, 
can also be reaHsed by varieties Xx, where x is a representative in U2\G2/U2. 
Therefore, the first place to start looking for representations is in the cohomology 
of varieties corresponding to representatives of B2\G2/ B2. Such a set of represen- 
tatives is given by 

H = (o = o^)''=(e !)^- 

Proposition 4.1. Any irreducible representation that can he realised by a variety 
Xx for X G G2, can also he realised by a variety Xx, where either x = wi,W2, or 
X — ii^^i), for some fc G . 

Proof. Every element x £ G2 lies in a B2-B2 double coset corresponding to one of 
the elements wi,wi,e above. The elements wi and W2 normalise T2., so as in the 
case of r = 1, for any element x £ B2'WiB2 = B2 we have Xx Xwi, and for any 
y € B2W2B2 we have Xy Xw2- 

In contrast, the element e does not normaHse T2, so we cannot a priori draw the 
same conclusions as above. Assume that x = utet'u', where u, u' G U2 and t, t' e T2. 
Then L-^{utet'u'U2) ~ L-^(U2tet'U2) L-'^{tet'U2), and by Lemma lO we have 
L-^{tet'U2) ^ L-^{F{X)U2F{Xy^), where L(A) = tet' . We can assume that A has 
the form 

A=r°^^^^ , si) for some u,tQ€¥^,tie¥q. 



ue (to + tie)-' J ° ",^u--g 

Since we can write A = e't" , where e' ~ ( ? ) , and t" ~ ( .? -.-i ] , we 



get L-i(F(A){72F(A)-i) = L-'iF{e't")U2F{e't")-') = L-\F{e')U2F{e')~') ~ 
L-\L{e')U2). The element L(e') = {e')-'F{e') is obviously of the form (^^^ °), for 
some /c e . Thus, for every x € B2eB2 we have Xx ^ L~'{{ \ ) U2), for some 
A; e , and any such k appears for some x. I 
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It is clear that the varieties corresponding to elements (j.^ k e F^, are not 
all essentially different. Namely, ii k e G2 is such that L{k) — ( 5 )' then for any 

( t^) e ^ we have 

Thus i)t^2) ^ L-H(t^L i)t^2), if to = ^o- We see from this that the 

equivalence class of L~^i{kg ?) U2) does only depend on the coset of k in F^/F^^. 
In the following we will show the stronger result that all varieties for x = ( ? ), 
k afford the same irreducible representations. 

In [Sj, 3.3 it is claimed that the variety Xe reaHses 2q irreducible representations 
of dimension (g^ — l)/2. The calculations of Lusztig already show that this cannot 
be the case, since the variety affords a permutation representation of dimension 
— 1) and any permutation representation contains at least one copy of the trivial 
representation. We will now give the correct decomposition of this permutation 
representation. Hence we will see that most representations of dimension (q^ — l)/2 
are not realised in varieties of the form X^, x € G2- 

For any fc g F^ we write Xk = L~^{i ? ) ^2), by abuse of notation. The variety 
Xk is endowed with an action of the group C/2 H ( ° ) C/2 ( ? ) ^ = U2 , acting by 
right multiplication. By Lemma mi we have Xk ^ Xk/U^. 

Theorem 4.2. Let k & . The virtual -representation Ej>o("l)'-^c(^fc) 
decomposes into the direct sum of the following representations 

(i) 4 distinct irreducible representations of dimension {q^ — l)/2, each one with 

multiplicity {q — \)/2, 
(a) the irreducible representations of dimension 1, g, {q+ l)/2, each with mul- 
tiplicity one, 

(Hi) the irreducible representations of dimension q+1, each with multiplicity 2. 
Moreover, for all k,k' <e¥^ we have Xk ~ Xk' . 

Proof. The proof goes as follows. First we calculate the variety Xk explicitly fol- 
lowing the calculations of Lusztig for the case k = 1 (cf. jH], 3.3), and show that 
the representations afforded by Xk can be realised by a finite (0-dimensional) va- 
riety Xk- Next we show that there exists a partition oiXk into closed subset such 
that the action of on the parts is transitive. We identify a part X^,"^^'"^ with 
stabiliser , where is identical to the group Stab^F (xi/j) • N in Section [21 Now 
Lemma ism tells us that the Gf'-representation afforded by Xk is isomorphic to the 

representation induced from the S'^-representation afforded by the part X^^'^ . 
Finally, we show how to decompose the latter representation with respect to the 
action of a certain abehan group, and thanks to the results of Section |2l we can 
identify exactly which representations of occur in the cohomology of Xk. 
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Let 9 — d) ^ condition that g G is that 

/a b\ fa b\ / 1 0\ /l x\ _ / a + bke b + {a + bke)x\ 
\c d) ^ \c d) \ke l) [o l)^\c + dke d+ {c + dke)x)' 

for some x € F[[£]]/(£^). This condition is equivalent to the system of equations 

F{a) = a + bke, F{b) = b+{a + bke)x, 
F{c) =c + dke, F{d) =d+{c + dke)x. 

In order to ehminate x from the equations, we note that since g € G2, the above 
system is equivalent to 

F{a) = a + bks, F{c) = c + dke, 
{F{b) - 6)(c + dke) = {F{d) -d){a + bke). 

Setting a = ao + oie, b = bo + bie, c = cq + cie, d = do + die, we obtain 

Oq = ao, = Co, al = ai + bok, cf = ci + dok, 
{bl - 6o)co = (do ~ do)ao, (bf - 6i)(ci + dok) = {df - di)(ai + bok). 

Thus, we may identify Xk with the set of all (ao, 60, cq, do, ai, 61, ci, di) G such 
that 

(a) = ao, eg ^ cq, al = ai + bok, cf = ci + dok, 

(b) aodo — boCo — 1, aodi + aido — ^oCi — 61 cq = {-^ detg = 1), 

(c) {bl - bo)co = (do - do)ao, 

6f Co - 61C0 + b^ci - boci + b^dok = d^ao + df oq - aodi + dgoi - doai + d^bok. 

Now the first equation (c) follows by raising the first equation (b) to the qth power, 
and using the two first equations (a). The second equation (c) follows by raising 
the second equation (b) to the qth power, using the two last equations (a), and 
adding again the second equation (6). Thus the equations (c) can be omitted. 
The first equation (h) can be written (using (a)): 

ao(c' — ci)k^^ — co(af — ai)k^^ — 1, that is (aoci — coai)* — (aoCi — cgai) = k. 

Setting / = aoCi — coai, we see that X^ can be identified with the set of all 
(ao, ^0, Co, do, ai, 61, ci, di, /) e such that 

ao = ao, Cq = Co, = ai + bok, = ci + dofc, 
fi - f = k, f = aoCi - coai, aodi + aido - 6oCi - 61 co = 0. 

We now factor out by the action of • If ^ = ( T ) ^ ^2 ) then the action g i—^ gu 
on Xk is given in terms of coordinates by 

(ao,6o,co,do,ai,6i,ci,di,/) 1 — > (ao, feo, cq, do, ai, &i + aoa;,ci,di +cox,f). 

Suppose that (ao, bo, co, do, ai, 61, ci, di, /) and (ao, bo, co, do, ai, b'l, ci, d^ , /) are two 
points on Xk- Then 

aodi + aido — 6oCi — 6iCo = 0, and aod'^ + aido — 6oCi — b'lCo = 0. 

These equations imply that ao(di — d[) = co(fei — b[), which is equivalent to b'l = 
bi + aox, d'l = d'l + cox, for some x €¥. Thus the quotient variety Xh/U2 may be 
identified with the set of points (ao, 60, cq, do, ai, Ci, /) S F^ such that 

al = ao, cl = Co, al = ai + bok, cf = ci + doA;, fi - f = k, f = aoCi - coai. 
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This in turn is naturally isomorphic to 

{(ao, Co, ai, ci, /) £ F'"" | = ao, eg = cq, f - f = k, f = aoCi - coCi}. 

We consider the obvious projection a : (ao, cq, ai, ci, /) i-^ (ag, cq, /) of this set, to 
the finite set 

Xk = {(ao, CO, /) e ¥^ I ag = ao, eg = cq, /« - / = fc, (ao, co) ^ (0, 0)}. 

We remark that ii — f — k for some / G F, then (/ + /o)'' — {f + fo) ~ k for any 
/o S Fq. Hence, for any k gV^, the equation f — f = k has g solutions, and if / 
is such a solution, then every solution is of the form / + /o, for some /o S F^. 

Define an action of on Xk as the unique action such that a{gx) — ga{x), 
for X £ Xk, g G G2 ■ The fibre of a at (ao, co, /) G is the affine line {(oi, ci) G 
F2 I aoCi - coOi = /}. Thus by Lemma O Xk ~ Xk/U^ ~ X^. Since 
is a 0-dimensional variety, it follows from Lemma ITfil that X]i>o(~^)*-^c(-^fe) = 
H^{Xk) — Qi[Xk], which is a permutation representation of dimension \Xk\ = 
q{q^ - 1). 

We now turn to the problem of decomposing the representation QJX^] into 
irreducibles. Consider the group 

This group acts on Xk by right multiplication. There is a unique action of A on 
Xk satisfying a{xa) = a{x)a, for x G Xk, a G A. The action on Xk is given in 
terms of coordinates by 

(ao, Co, /) I — > (±ao, ±60, / + 2^)- 

The set of orbits Xk/A defines a partition of Xk into closed subsets xl!^°'''°\ in- 
dexed by pairs (ao,co) G F^/{±1}, (ao,co) ^ (0,0). Hence, each orbit contains 2q 
elements. 

Now consider the action of the group on Xk- For g = { wotw^ ) G , 
the action is given in terms of coordinates by 

(flo, Co, /) I — > (a;oao + yoco, zoOq + woCo, 

/ + a^(xo2:i - zqXi) + aocoixowi + uqZi - z^yi - woXi) + cg(?/oWi - wo^i))- 

ihus gXf. — Xf. , and G2 acts transitively on the set of 

orbits xl^°''^°\ The stabiliser of the orbit X^"^"^'*^^ is given by 

^2 ^ ' ly zis ±l + wiej } 

It follows from Lemma lTTI that the Gf -representation Yl,i>o{^^y ^li^k) — H^{Xk) 

is induced by the S'-'^-representation J2i>Q(~'^y ^ci^'it^'^'' ) = H^i-^lt^'^^)- We 
will determine the latter by using some character theory. 

Let s denote an element in , and let x : A be a character. Since 

induction preserves direct sums, we have 

H"AXk)^^Indf.H'Axi^''\, 

X 



REPRESENTATIONS OF REDUCTIVE GROUPS OVER QUOTIENTS OF LOCAL RINGS 11 



and by Lemma [3.51 and Lemma, we have 



Thus we have to determine the fixed points of under the action of (s, a) e 

X A. Every s G can be decomposed uniquely as s = ua' , where u G 

{(^V ^i-ff) e }, and a' G A. The set xi^^'°'' is fixed under conjugation by 
elements in A, and the element u leaves it fixed. Thus 



^' — „-i 



|(-Y(^±i.o))(s,a)| ^ I 2g ifa' = a- 
otherwise, 



and so 



2q' 



We see that the character of the representation H^{X^i^^'^^) is the direct sum of all 
characters of given by 

f±l + xie vo + vie 



\ z\e ±1 + wiE 



X*(±l)-^(^i), 



where G Hom({±l}, Q; ), G Hom(F+, Q; ). Comparing this with the descrip- 
tion of the irreducible representations of of dimension (g^ — 1)/2 given in Section 
12 we see that there are four characters x for which the induced characters of 
are distinct and irreducible. All other characters x such that 7^ 1 give rise to 
representations of Gf" isomorphic to one of these. Next consider x = 1. Inducing 
the trivial character of to Gf gives the character of the permutation represen- 
tation QJGf IS^\ ~ Q/[G'^/{( 1° )}], and from the classical finite field case we 
know that this representation consists of the representations of dimension 1 and 
and (q — 3)/2 irreducible representations of dimension g-f 1. Analogously, inducing 
the character x for which x^ = 1, x 7^ 1j we see that the resulting representation 
consists of the two irreducible representations of dimension (g -I- 1 ) /2 , and (g — 3) /2 
irreducible representations of dimension g -I- 1 isomorphic to the ones corresponding 
to X = 1- 

This discussion shows that the above results are independent of the choice of 
A; G F^. Hence, the theorem is proved. I 

5. Realising The Missing Representations 

Using the observations of the previous sections, we show how all irreducible 
representations of dimension (g^ — l)/2 of Gf can be reaHsed in the cohomology of 
a certain variety. 

Consider the subgroup S — ZG\U of G2, where Z is the centre of G2. Then it 
is clearly an F-stable subgroup, and is compatible with the notation used in 
the previous section. As we have seen, all irreducible representations of dimension 
(g^ — l)/2 of G2 can be obtained by inducing certain 1-dimensional representations 
of the subgroup . Some elementary calculations show that the commutator 
subgroup of S is given by 
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and this is again an F-stable subgroup. Consider the variety 

Y ^{g^G2\g~^F{g) e {S, S)} / {S, S), 

where [S, S) acts by right multiphcation. The variety Y is acted on by Gf" and 
by left and right multiphcation, respectively. 

Since {S,S) is i^-stable, there is an obvious inclusion map Y — > 6*2/(5, 5), 
whose image is {G2/{S, S))^ ~ Gf/(5',5)^. We thus have an isomorphism Y ~ 

Let X be a character of such that x is an extension of a character ( ? ) 
i^ix), for some ip G Hom(F+, Q;^). We have seen that there are two distinct orbits 
of such characters Xj with respect to the action of . Let 9 be an arbitrary 
character of the subgroup {{ ^q ^ i ) S G^}. 

Proposition 5.1. Every irreducible representation o/Gf of dimension {q^ — l)/2 
is given by 

Y,i-^nKiY) ® X ® ^) = H°iY) ® X ® ^, 

where the characters x and 6 are identified with their corresponding l-dimensional 
representations of . Moreover, if x runs through a set of representatives of orbits 
under G^ , then each irreducible representation of dimension {q^ — l)/2 appears 
exactly once. 

Proof. We have seen above that Y ~ Gf S)^ , so by Lemma l3^ the cohomology 
of Y is concentrated in degree 0, and H°{Y) ~ Q/[Gf /{S,S)^]. Now let F be a 
representation of that factors through (5*, 5)^, i.e., a l-dimensional represen- 
tation. Then there is a representation of G^ given by H^{Y) "XIq^j^fj V, and this 
representation is isomorphic to the one given by inducing V to Gf (cf. 0], ch. 4). 
By the description of the irreducible representations of dimension {q^ — l)/2 as 
induced by l-dimensional representations of given in Section |2l it follows that 
these representations are given by Hl^{Y) (g) x "Xi 0, as asserted. I 
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